We study the isogenies of certain abelian varieties over finite fields with non-commutative endomorphism algebras with a view to potential use in isogeny-based cryptography. In particular, we show that any two such abelian varieties with endomorphism rings maximal orders in the endomorphism algebra are linked by a cyclic isogeny of prime degree.
Introduction
In this article, we study the isogenies of a certain class of absolutely simple abelian varieties over finite fields with p-rank zero and non-commutative endomorphism rings.
In recent years, abelian varieties with non-commutative endomorphism rings have seen a growing interest for applications to isogeny-based cryptography. This is primarily due to the quantum attack with sub-exponential complexity on isogeny-based cryptosystems of abelian varies with commutative endomorphism rings ([CJS10]). The cryptosystems based on isogenies of supersingular elliptic curves have gained a lot of attention in the last few years since they have substantially smaller key sizes than other quantum-resistant schemes. However, such abelian varieties are relatively unexplored for dimensions larger than two. To this end, one of the goals in this article is to explore the behavior of the isogenies of abelian varieties of type IV(1, d) (see Definition 2.1) over finite fields. This is a class of absolutely simple abelian varieties whose endomorphism algebras have centers that are imaginary quadratic fields.
Such abelian varieties exist for every dimension ≥ 3. For dimensions larger than three, most principally polarized abelian varieties are not Jacobians and hence, are much less promising for cryptographic purposes. But we explore the isogenies of these abelian varieties for all dimensions since they seem interesting in their own right.
Notations and background
For an abelian variety A over a field F , End(A) denotes its endomorphism ring and End 0 (A) the endomorphism algebra of A over the algebraic closure of the field of definition. By Honda-Tate theory, we have the well-known bijection {Simple abelian varieties over F q up to isogeny} ←→ {Weil q-integers up to Gal Q -conjugacy} induced by the map sending an abelian variety to its Frobenius. For a Weil number π, we write B π for the corresponding simple abelian variety over F q . The dimension of B π is given by 2 dim B = [Q(π) : Q][End 0 (B π ) : Q(π)] 1/2 . Thus, B π is absolutely simple if and only if Q(π N ) = Q(π) for every integer N . Proposition 1.3. Let π be a Weil q-integer and write D π := End 0 Fq (B π ). Then D π is a central division algebra over Q(π) and its Hasse invariants are given by
In particular, End 0 (B π ) is commutative if and only if the local degrees [Q(π) v : Q p ] annihilate the Newton slopes v(π) v(q) . For instance, if B π is ordinary, the slopes v(π) v(q) are either 0 or 1 and hence, End 0 (B π ) is commutative.
Type IV(1, d)
For an absolutely simple abelian variety A over any field, the endomorphism algebra End 0 (A) has one of the following structures according to Albert's classification:
Type I: A totally real field. Type II: A totally definite quaternion algebra central over a totally real field. Type III: A totally indefinite quaternion algebra central over a totally real field. Type IV: A division algebra central over a CM field equipped with an involution of the second kind.
Definition 2.1. We say an absolutely simple abelian A variety is of type IV(e, d) if it fulfills the following conditions:
-D := End 0 (A) is a central division algebra of dimension d 2 over a CM field K of degree 2e equipped with an involution of the second kind. -The primes of K ramified in D lie over the same rational prime.
The symbol IV in the notation represents the nature of the endomorphism algebra according to Albert's classification. We impose the second condition in the definition because by Honda-Tate theory, the endomorphism algebra of a simple abelian variety over a finite field of characteristic p is unramified away from the set of primes lying over p. The (Rosati) involution of the second kind is a result of the polarization carried by the abelian variety. Note that for any prime p of K and its complex conjugate p, we have inv p (D) + inv p (D) = 0 ∈ Q/Z. By Honda-Tate theory, the dimension of the simple abelian variety is 1 2 [K : Q][D : K] 1/2 = ed. In this section, we study abelian varieties of type IV(1, d) over finite fields and explore their possible use in isogeny-based cryptography. We will need the following lemma.
Lemma 2.1. Let B be an absolutely simple abelian variety over a finite field of characteristic p. If there exists a prime p of K lying over p such that the decomposition group D p is normal in Gal(Q(W Bπ )/Q), the prime p splits completely in Gal(Q(W Bπ )/Q).
Proof. This is lemma 5.3 of [Th17] Proposition 2.2. Let B 1 , B 2 be abelian varieties of type IV(1, d) over a finite field F q . Then the following are equivalent:
Proof. Since isogenous abelian varieties have the same endomorphism algebra, it suffices to prove the converse. Let π 1 , π 2 be the associated Weil numbers. Now, if End 0 (B 1 ) ∼ = End 0 (B 2 ), then in particular, the centers Q(π 1 ) and Q(π 2 ) coincide. Let p be the characteristic of F q . Since Q(π 1 )/Q is abelian, p splits (completely) in Q(π 1 )/Q. Let p, p be the primes of Q(π 1 ) lying over p and let π 1 O Q(π 1 ) = p i p j .
Since the Hasse invariants coincide, it follows that π 1 π −1 2 is a unit at all non-archimedean places and hence, is a root of unity. Hence, B 1 and B 2 are twists of each other.
Remark. Note that this is the only case other than that of elliptic curves where the endomorphism algebra determines the isogeny class. For any other division algebra D of type IV(e, d) with e ≥ 2 it is fairly easy to construct a pair of non-isogenous abelian varieties with endomorphism algebra D.
Let B be an abelian variety of type IV(1, d) over a finite field F q . Let O D be a fixed maximal order in D := End 0 (B) and let Iso(B) denote the set of abelian varieties over F q isogenous to B.
The map
Cl
makes Iso(B) into a Cl(D)-torsor. Hence, Iso(B) has cardinality # Cl(O D ). Unlike the ordinary case, the class group Cl(O D ) is not a commutative group. In fact, Cl(O D ) has the structure of a pointed set rather than a group. This makes the resulting cryptosystem more resistant to the quantum attacks similar to those outlined in [CJS].
Newton Polygons
Let B be an abelian variety over an algebraically closed field k of characteristic p > 0. The
is a direct sum of pure isocrystals by the Dieudonne-Manin classification theorem. Let λ 1 < · · · < λ r be the distinct slopes and let m i denote the multiplicity of λ i . The sequence m 1 × λ 1 , · · · , m r × λ r is called the Newton polygon of B.
Definition 2.2. A Newton polygon is admissible if it fulfills the following conditions: 1. The breakpoints are integral, meaning that for any slope λ of multiplicity m λ , we have m λ λ ∈ Z. 2. The polygon is symmetric, meaning that each slope λ, the slopes λ and 1 − λ have the same multiplicity.
Let π be a Weil q-integer and let B π be the corresponding simple abelian variety over F q . Then the Newton slopes of B π are given by {v(π)/v(q)} v where v runs through the places of Q(π) lying over p. In particular, the Newton polygon is symmetric and hence, all slopes lie in the interval [0, 1]. A far more subtle fact is that the converse is also true. This was formerly known as Manin's conjecture until proven by Serre. We refer the reader to [Tat69] for the proof.
Theorem 2.3. (Serre) The Newton polygon of an abelian variety over a finite field is admissible. Conversely, any admissible polygon occurs as the Newton polygon of some abelian variety over a finite field of any prescribed characteristic.
Proposition 2.4. Let p be a rational prime and K an imaginary quadratic field in which p splits. Let D be a central division algebra over K that is unramified away from the places lying over p. Then there exists an abelian variety B over a finite extension F q of F p such that End 0 (B) ∼ = D. Furthermore, there exists an abelian variety B over the field F q with the endomorphism ring End(B) a maximal order in End 0 (B).
Proof. Let p, p be the primes of K lying over Q. Since D is split at all primes other than p, p, we have
Furthermore, the least common denominator of {inv p (D), inv p (D)} is d and hence, inv p (D) = j d for some j < d prime to d. Choose an integer n such that p n is principal and write p n = (π). Now, π 1 := π j π d−j is a Weil p dn -integer and the abelian variety B π 1 corresponding to π 1 has Newton slopes
Hence, the endomorphism algebra of B π 1 is isomorphic to D.
Let Λ be a maximal order of D that contains the order End(B). By ([Yu11], Theorem 1.3), there exists an abelian variety B over the same field of definition as B such that End( B) = Λ and there is a universal isogeny φ : B −→ B such that any isogeny B ′ −→ B factors through φ.
Remark Note that an abelian variety of type IV(1, 1) is just an ordinary elliptic curve. There does not exist an abelian variety of type IV(1, 2). Any such abelian variety would have Newton polygon 4 × 1/2 which only occurs for a second power of a supersingular elliptic curve.
Proposition 2.5. Let B π be a simple abelian variety over F p of dimension d corresponding to a Weil number π. The following are equivalent:
(1) B π is of type IV(1, d).
(2) Q(π)/Q is abelian and B π has Newton polygon
for some integer j prime to d.
Proof.
(1) ⇒ (2): Q(π)/Q is imaginary quadratic and in particular, is an abelian extension. So p splits in Q(π). The dimension of End 0 (B π ) is the least common multiple of its Hasse invariants. Furthermore, since the primes of Q(π) lying over p have local degree one over Q, the set of Newton slopes of B π coincides with the set of the Hasse invariants of End 0 (B π ). Hence, the least common denominator of the Newton slopes is d, which implies (2).
(2) ⇒ (1): Since Q(π)/Q is abelian, p splits completely in Q(π). Hence, the dimension of End 0 (B π ) over Q(π) is d 2 . Now,
and hence, [Q(π) : Q] = 2.
Corollary 2.6. Any abelian variety B of type IV(1, d) over a finite field of characteristic p has p-rank zero.
Proof. The p-rank of an abelian variety over a field of characteristic p is the multiplicity of the slopes 0 and 1. Since these slopes do not occur in the Newton polygon of B, it follows that
Thus, the Frobenius and the Verschiebung are purely inseparable morphisms. It is well-known that every abelian variety is isogenous to a principally polarized abelian variety over the algebraic closure. But in this case, we do not need to pass to a larger extension to have a ppav in the isogeny class.
Proposition 2.7. Any abelian variety B of type IV(1, d) over a finite field k is isogenous to a principally polarized abelian variety over the same field k.
Proof. Let p be the characteristic k and let φ : B −→ B be a polarization from B to its dual. Since B has p-rank zero, we may assume the polarization is separable. By [Mil] , Proposition ???, the isogeny class of B over k contains a principally polarized abelian variety.
Proposition 2.8. Let the notations be as in the last proposition and let l be a prime of the imaginary quadratic field K := Cent(End 0 (B)) that does not divide char(k). Then the degree [k(B[l]) : k] is the smallest integer N such that π N B ≡ 1 (mod l) in O K .
2.2
The minimum field of definition Definition 2.3. For an abelian variety A over a field F , we say A has a model over a subfield F 0 if there exists an abelian variety A 0 over F 0 such that the base change
We show that in our setting, the class number of the center gives an upper bound on the minimum field of definition. Proof. Let π be the Weil number corresponding to B and let p, p be the primes of K lying over p. Write π 0 O K = p h . Then π 0 is a Weil p h -integer and hence, corresponds to an abelian variety B π 0 of dimension d over F q . Furthermore, B π 0 has endomorphism algebra D and hence, is isomorphic to B over some finite extension.
Let B be an abelian variety with endomorphism algebra D. Write Λ = End(B) and let I be a left ideal of Λ. We associate to I an isogeny φ I as follows. Consider the finite group scheme
This is a finite subgroup scheme of B and hence, yields an isogeny
We call this the ideal isogeny associated to I. In the case of supersingular elliptic curves, it is well-known that every isogeny is an ideal isogeny arising from some left ideal of the endomorphism ring. This is a consequence of the fact that the center of the endomorphism algebra of a supersingular elliptic curve is Q. On the other hand, for any simple non-supersingular abelian variety over a finite field, the center of the endomorphism algebra is a CM field. Consequently, any isogeny of a degree that is not a norm of the CM field does not arise as an ideal isogeny.
Conversely, for any isogeny φ : B −→ B ′ , the annihilator
Proposition 2.10. Let D be a division algebra of type IV(1, d) for some odd integer d ≥ 3. There exists an abelian variety A with complex multiplication over a number field F and a prime v of good reduction such that A v is of type IV(1, d).
Proof. Let K be the center of D and let p be the characteristic of the primes of K ramified in D. Choose a degree d cyclic extension L 0 over Q such that the p is inert in L 0 . Then L := KL 0 is cyclic of degree d over K and the primes of K lying over p are inert in L. Let X be the abelian variety C d /O L over C. By a theorem of Shimura, X has a model A over some number field F . Since A has complex multiplication, it has potential good reduction everywhere. So, replacing F by a finite extension if necessary, we may assume A has good reduction everywhere. Let v be a prime of F lying over p. Then each component of A v [p ∞ ] is isoclinic of slope j/d for some integer j prime to d. Thus, End 0 (A v ) is a central division algebra of dimension d 2 over K.
Definition 2.4. An isogeny φ : B 1 −→ B 2 of abelian varieties over a finite field is said to be cyclic if the degree is prime to the characteristic of the field and the kernel ker(φ) is a cyclic subgroup scheme of ker(deg φ).
Note that when the abelian varieties B i are elliptic curves, this is equivalent to the isogeny φ not being of the form [n] • φ ′ for some isogeny φ ′ . Thus, it coincides with the notion of a primitive isogeny studied in [Koh96] .
Example 2.11. Let E be the elliptic curve y 2 := x 3 + 2 over the finite field F 13 . For any integer n prime to 7, the endomorphism [n] : E −→ E, P → nP has kernel isomorphic to (Z/nZ) 2 and hence, is not cyclic. On the other hand, the endomorphism corresponding to the algebraic integer 2 + √ −1 has kernel isomorphic to Z/5Z and hence, is a cyclic isogeny.
In the case of supersingular elliptic curves, it is well-known that every isogeny arises from a left ideal of the endomorphism ring. Although this behavior is not shared by abelian varieties of type IV(1, d), they exhibit some similar properties. To this end, we will need the following notion.
Definition 2.5. Let φ : A 1 −→ A 2 be an isogeny of abelian varieties of type IV(1, d) and let K be the center of the endomorphism algebra End 0 (A 1 ). We say the isogeny φ is a normed isogeny if the set
is stable under the involution on End 0 (A 1 ).
(This non-standard terminology is a placeholder until we come across a better term in the existing literature).
Proposition 2.12. The following are equivalent:
(1) l is a norm of an integral element of K.
(2) l splits completely in K and the primes of K lying over l are principal.
(3) l splits completely in the Hilbert class field H(L) of L.
Proof. Note that since K/Q is assumed to be a Galois extension, the primes of K lying over l are Galois conjugates and hence, the corresponding ideal classes have the same orders as elements of the ideal clas group.
(1) ⇔ (2): Suppose l = Nm K/Q (α) for some α ∈ O K . Then lZ = Nm K/Q (αO K ) and hence, αO K is a prime of K lying over l. Conversely, if a prime l of K lying over l is principal with l = βO K , then Nm K/Q (β) = l. Proof. Since O l (I) = Λ is assumed to be a maximal order, so is the right order O r (I) of I. The degree of φ I is given by Nm K/Q (Nrd(I)) and hence, φ I is a normed isogeny. Choose an integer n such that nO r (I) ⊆ Λ and let β ∈ O r (I). Now nIβ ⊆ nI and hence, ker(nI) ⊆ ker(φ I • nβ). So φ I • nβ factors through nφ I and hence, β induces an endomorphism of the abelian variety B (I) := φ I (B). Thus, we have an injective homomorphism O r (I) ֒→ End(B (I) ). Since O r (I) is a maximal order in D, this inclusion is an equality, which completes the proof.
Later, we will prove the converse.
Proposition 2.14. The following are equivalent:
(1) ψ 2 lies in the ring of integers of the field K(ψ 1 ).
(2) ψ 1 commutes with ψ 2 .
Proof. The field K(ψ) is of degree d over K and hence, is a maximal subfield of D. By the double centralizer theorem, the field K(ψ) is its own centralizer in D. Hence, ψ 2 ∈ K(ψ). Since ψ 2 is an isogeny, it is integral and hence, lies in the ring of integers of K(ψ 1 ).
The following decomposition explains our motivation for studying Galois endomorphisms.
Proposition 2.15. Let ψ 1 , · · · , ψ r be pairwise commutative endomorphisms of B of degree prime to the characteristic of the field of definition. Then there exists a maximal subfield L of D such that ψ 1 , · · · , ψ r have embeddings in O L . Furthermore, if for each pair i, j, the elements ψ i and ψ j generate relatively prime ideals of K(ψ 1 , ψ 2 ), then
Proof. We show this for the case where r = 2. The general case then follows by induction.
Since K(ψ 1 , ψ 2 ) is a subfield of D, it is contained in some maximal subfield L of degree d over K. Now, ψ 1 and ψ 2 generate relatively prime ideals in R := End(B)∩Z[ψ 1 , ψ 2 ]. Hence, there exist α 1 , α 2 ∈ R such that α 1 ψ 1 + α 2 ψ 2 = 1 in R. Now, for any point P of B, if ψ 1 (P ) = ψ 2 (P ) = 0, then P = α 1 ψ 1 (P ) + α 2 ψ 2 (P ) = 0 B .
which completes the proof.
Remark. Note that this does not necessarily hold when the endomorphisms ψ 1 and ψ 2 do not commute. We will need the following notion.
Definition 2.6. Let A be an absolutely simple abelian variety and let F be the center of its endomorphism algebra End 0 (A). We say an endomorphism φ : A −→ A is Galois if there exists a maximal subfield L of the division algebra End 0 (A) such that L/F is a Galois extension and F (φ) is a subfield of L.
This definition extends naturally to quasi-endomorphisms of the abelian variety. Note that in the case where End 0 (A) is a quaternion algebra, this notion is clearly vacuous since every quadratic extension is Galois. On the other hand, a division algebra of dimension larger than 4 over a number field will have infinitely many maximal subfields that are non-Galois over F .
(This nonstandard terminology is a placeholder until we come across a better term in the existing literature).
Proposition 2.16. If φ 1 , φ 2 are Galois endomorphisms of a simple abelian variety A that commute with each other, then the endomorphisms φ 1 + φ 2 and φ 1 φ 2 are Galois as well.
Proof. We omit the proof since it is straightforward. where the ψ j are the Galois conjugates of ψ over F .
Proof. By assumption, there exists a maximal subfield L of D such that L/F is a Galois extension and F (ψ) ⊆ L. Hence, the Galois closure of F (ψ) over F has an embedding in L. Let ψ 1 , · · · , ψ r be the distinct conjugates of ψ over F , where r = [F (ψ) : F ]. Then
Now, by assumption, the ideals of O L generated by the elements ψ 
But this is equivalent to the ideals αO L and aσ(α) −1 O L being relatively prime.
The set of left ideal classes
Let K be an imaginary quadratic field and let p be a prime that splits in K. Let D be a division algebra of dimension d 2 ramified only at the primes lying over p. So D has Hasse invariants {j/d, −j/d} at the places lying over p for some integer j prime to d. We fix a maximal order Λ in the division algebra D. Unlike the commutative case, the left ideals do not form a group under multiplication. It is simply a pointed set with the distinguished element corresponding to the class of principal left ideals. This lack of a group structure makes it less susceptible to quantum attacks similar to those outlined in [CJS] .
If Λ is a maximal order in a division algebra of type IV(1, d), the class number is finite, by the next proposition. Furthermore, it is well-known that any two maximal orders are conjugate by some element of the idele group
Hence, the class number is independent of the choice of the maximal order. Furthermore, we have a natural norm map defined as follows:
We denote the kernel of this norm map by D
(1)
A . By the product formula, the group D × K embeds diagonally into D Proof. If v is any place of K prime to p, then D splits at v. Choosing the isomorphism D v ∼ = Mat d (K v ) appropriately, we may assume that Λ v = Mat d (O Kv ). So every left ideal I of Λ is principal at the places where D splits (which in this case is all places prime to p). For all but finitely many places, we have
at all but finitely many places. Hence, D
A acts transitively (from the left) on the set of left ideal classes.
The actions of D × K and Λ × A on the set of ideal classes are trivial and hence, the class number equals the number of double cosets in Λ ×
A . Hence, the class number is finite. 
The following theorem is fundamental to the theory of orders in central simple algebras. An immediate implication is the following.
Corollary 2.21. Let Λ be a maximal left order in D and let I be a left ideal of Λ. Then O r (I) is a maximal order in D.
Proof. Since I is a left ideal, clearly Λ ⊆ O l (I) and since Λ is a maximal order, we have Λ = O l (I). By the preceding theorem, O r (I) is a maximal order.
Proposition 2.22. Let Λ be a maximal order in D and let {I 1 , · · · , I n } be a set of left Λ-ideals that represent the distinct left ideal classes of Λ. Then each conjugacy class of maximal orders in D is represented in the set of right orders {O r (I 1 ), · · · , O r (I n )}.
Proof. Let Λ ′ be any maximal ideal of D. For any place v of K, the orders Λ v and Λ ′ v are maximal orders in O Kv . Hence, there exists
Then I is a left ideal of Λ with right order Λ ′ . Since the ideals {I 1 , · · · , I n } represent all of the ideal classes of Λ, there exists a ∈ D × and an index i such that J = I i a. Thus, O r (I i ) = aΛ ′ a −1 .
Proposition 2.23. Let D be a division algebra of type IV(1, d) with center K, Λ a maximal order in D and l a prime of K with characteristic l. There exists an element α ∈ Λ such that any maximal left ideal of Λ containing l is of the form J = (Λl + Λα)u for some u ∈ D × with reduced norm Nrd(u) = ±1.
Proof. We may choose a Galois extension L/K of degree d such that: -L is inert at the primes of K that D is ramified at.
l splits completely in L.
-L is linearly disjoint from the spinor class field of K. Proof. We write Λ := End(B) for brevity. We choose a degree d extension L/K as in the preceding proposition and fix an embedding O L ֒→ Λ. Now, let l be a prime of L lying over l and choose an element α 1 of l such that l = lO L + αO L as an ideal in O L . Let α 1 , · · · , α d be the distinct Galois conjugates of α 1 in the fixed embedding of O L in Λ and write l i := lO L + α i O L , i = 1, · · · , d. By the argument in the last proposition, the left ideals m i := Λ l i are maximal left ideals in Λ.
Note that the elements α 1 , · · · , α d are pairwise commutative by construction and hence, for each index i, the product
Thus, the left Λ-ideals m j and Proof. As shown in Proposition 2.4, there exists an abelian variety B ′ with its endomorphism ring Λ ′ a maximal order in D. By the preceding proposition, there exists a left ideal I ′ of Λ such that O r (I ′ ) = Λ. The abelian variety
is isogenous to B ′ and has endomorphism ring Λ.
The image of the reduced norm
The reduced norm. Let D be a central division algebra of dimension d 2 over a field F . Let α be an element of D × . Now, α commutes with F and hence, F (α) is a field with the degree [F (α) : F ] dividing d. Let L be a maximal subfield of D such that F (α) ⊆ L. The field norm Nm L/F (α) is called the reduced norm of α in D/F . We denote the reduced norm by Nrd D (α) or simply by Nrd(a) when there is no ambiguity.
Let A be a simple abelian variety and let F be the center of its endomorphism algebra End 0 (A). For any endomorphism φ : A −→ A, the degree of φ is given by
Theorem 2.26. (Hasse-Maas-Schilling) Let D be a division algebra central over a global field F . For any element a ∈ F × that is positive at all real archimedean places that ramified in D, there exists an element α ∈ D × such that Nrd(α) = a.
Since we are concerned with isogenies rather than quasi-isogenies, it is necessary to consider the question of which elements of the field occur as norms as elements of D integral over O F . The Hasse-Mass-Schilling theorem was refined by Eichler for the cases when the division algebra satisfies the following reasonable conditions. Definition 2.9. A central simple algebra A over a number field F is said to fulfill the Eichler condition unless both of the following properties hold: -F is totally real.
-A is a totally definite quaternion algebra over F .
When A satisfies both conditions, we say that A fails Eichler's condition. In this article, we are concerned with the cases where A is the endomorphism algebra of an abelian variety over a finite field. The following is immediate from Honda-Tate theory. Proof. If B is a supersingular elliptic curve, then End 0 (B) is a quaternion algebra over the totally real field Q and is ramified at the infinite place of Q. In all other cases, the center of End 0 (B) is a CM field and hence, End 0 (B) fulfills Eichler's condition.
The following is a refinement of the Hasse-Maas-Schilling theorem for the case where D is Eichler over F .
Theorem 2.28. (Eichler) Let D be a division algebra central over a global field F that fulfills Eichler's condition and let Λ be a maximal order in D.
For any integral element a ∈ O ×
F that is positive at all real archimedean places ramified in D, there exists an integral element α ∈ D × such that Nrd(α) = a. 2. For any two left ideals I, J of Λ such that Nrd(I) = a Nrd(J) for some element a ∈ F × that is positive at all real archimedean places that D is ramified at, there exists α ∈ D × such that Iα = J.
Furthermore, it is well-known that for any division algebra D central over a number field F , there exist infinitely many maximal subfields L such that L/F is a Galois extension. In fact, by the Grunwald-Wang theorem, there exists a maximal subfield L ⊆ D such that L/F is cyclic. Hence, one may ask whether the analog of the Hasse-Mass-Schilling theorem restricted to elements contained in Galois extensions holds.
Question: For what elements a ∈ F × do there exist elements α ∈ D × such that the Galois closure of F (α) over F has an embedding in D and Nrd(α) = a?
When the division algebra D is the endomorphism algebra of a simple abelian variety, the corresponding endomorphisms of the abelian variety will be Galois isogenies, which is our primary interest exploring this. For quaternion algebras that fulfill Eichler's condition (i.e. not totally definite), it is clear that this is the case since all quadratic extensions are Galois. On the other hand, it is easy to see that this does not hold for all division algebras, as evidenced by the following counter-example.
Example 2.29. Choose distinct primes p, l such that l ≡ 1 (mod p). Let D be any central division algebra of dimension p 2 over Q with Hasse invariant 1/p at the prime l. Then D fulfills Eichler's condition and l is positive at the archimedean place of Q. We show that l does not occur as the reduced norm of any element that lies in a Galois extension of Q embedded in D.
Note that since D has center Q, for any element α ∈ D × , we have Nrd(α) = Nm Q(α)/Q (α). Suppose there exists a Galois extension L/Q embedded in D such that l = Nrd(α) for some α ∈ L × . Since the extension L/Q is Galois of prime degree, it is cyclic. Furthermore, L is a maximal subfield of D and hence, l ∈ Nm L/Q (O × L ). Since L/Q has local degree p at l, it follows that l is totally ramified or inert in L/Q. In the latter case, lO L could not be a norm of an ideal of L. So l is totally ramified in L/Q and the prime of L lying above l is principal. From the Kronecker-Weber theorem, it follows that L ⊆ Q(ζ N ) for some integer N . Let n be the smallest integer such that L ⊆ Q(ζ n ). Then each prime dividing n is either p or is ≡ 1 (mod p) and in particular, l ∤ n. Thus, l is unramified in Q(ζ n ) and hence, is unramified in L, a contradiction.
Decomposition of the torsion subgroup schemes
Let B be an abelian variety with endomorphism algebra D of type IV(1, d) over a finite field F q . For any integer N prime to q, the N -torsion subgroup scheme B[N ] is an etale Gal Fq -module and B(F p )[N ] ∼ = (Z/N Z) 2d . In this subsection, we explore the decomposition of this subgroup scheme into those annihilated by certain isogenies. We will need the following lemma (generally attributed to Iwasawa), a proof of which may be found in ([Was82], Chapter 10). Then there exists an abelian extension Σ F of F with the following property: for any degree n extension L of K that splits D, the ring of integers O L has an embedding in precisely [Σ F ∩L : F ] −1 of the conjugacy classes of maximal orders of D.
The field Σ F is a spinor class field of F . For details, we refer the reader to [Car03] . In particular, if L is a degree n extension with an embedding in D and the field extensions L, Σ F are linearly disjoint over F , then the ring of integers O L has an embedding in every maximal order of D. On the other hand, if L ⊆ Σ F , then L is contained in precisely 1 n -th of the conjugacy classes of the maximal orders.
The second condition on D is equivalent to the Hasse invariant at each ramified place being of the form j/n ∈ Q/Z for some integer j relatively prime to n. Equivalently, for any maximal subfield L ⊆ D and a prime v of F such that D is ramified at v, there is a unique prime v of L lying over v. Clearly, any abelian variety B of type IV (1, d) has an endomorphism algebra that fulfills both of the conditions. Hence, the last theorem is directly applicable to our setting. We will need to impose the following conditions for some of the results in this section.
Definition 2.10. We say a division algebra D of type IV(1, d) fulfills the condition ( * * * ) if:
• d is a prime power.
• The center K does not lie in Q(ζ d ).
• The class number of the center K of D is prime to d.
Definition 2.11. We say an abelian variety of type IV(1, d) fulfills the condition ( * * * ) if its endomorphism algebra fulfills the condition ( * * * ).
The condition that d is a prime power is, by far, the most restrictive of the three. Since Q(ζ d ) has a unique quadratic subfield, the assumption that K Q(ζ d ) is mild. We provide the following two examples to demonstrate that the third condition is fairly generic as well.
Example 2.32. Consider the case where d is a 2-power larger than 2. It is well-known that the class number of an imaginary quadratic field K = Q( √ −a) is odd if and only if a is a prime ≡ −1 (mod 4). Choose any such imaginary quadratic field K and choose a rational prime p that splits in K. Let p, p be the primes of K lying over Q and let h be the smallest integer such that p, p are principal. Let D be the division algebra central over K with Hasse invariants
Then we may construct an abelian variety over the field F p h with endomorphism algebra D. For any constant ǫ > 0, there exists a constant X ǫ such that
which implies that division algebras fulfilling condition ( * * * ) are ubiquitous. As seen in Proposition 3.7, for any such division algebra D, we may construct an abelian variety whose endomorphism algebra is isomorphic to D.
Theorem 2.34. Let B be an abelian variety of type IV(1, d) over a finite field F q with the endomorphism ring End(B) a maximal order in the endomorphism algebra D := End 0 (B). Let n be an integer relatively prime to q that lies in the image of the norm map Nm K/Q : K −→ Q.
(1). There exists a Galois quasi-isogeny ψ : B −→ B of degree n.
(2). Furthermore, if B fulfills condition ( * * * ) and End(B) is a maximal order in D, then for any sufficiently large integer e, there exist distinct, pairwise commutative Galois endomorphisms ψ i : B −→ B, i = 1, · · · , d of degree n e .
(1). Let l 1 , · · · , l r be the distinct primes dividing n. We show that there pairwise commutative exist Galois quasi-isogenies φ 1 , · · · , φ r with Nrd(φ i ) = l. Note that pairwise commutativity is equivalent to the quasi-isogenies all lying in some maximal subfield of D.
We choose a prime v of Q(ζ d ) satisfying all of the following conditions.
(i). v has local degree one over Q.
. v is inert in the degree d cyclic extensions Q(ζ d 2 ) and in Q(ζ d , d √ p).
(iv). v is prime to the discriminant of K.
(v). v is inert in the quadratic extension K(ζ d ).
Note that the existence of such a prime v is guaranteed by the Chebotarev density theorem. In fact, the set of the primes of Q(ζ d ) fulfilling all of these conditions has Dirichlet density φ(d) 2 2d r+2 > 0. Let L 0 be the unique subfield of Q(ζ p 1 ) of degree d. Set L := L 0 K, so that L is a CM field of degree 2d cyclic of degree d over K.
Let p 1 be the rational prime lying under v. By condition (iii), the inertia degree of p in Q(ζ p 1 )/Q divisible by d and gcd(d, p−1 d ) = 1. Hence, p is inert in the degree d subfield L 0 /Q of Q(ζ p 1 ). Furthermore, since p splits (completely) in K/Q and is inert in L 0 /K, it follows that the two primes of K lying over p are inert in L/K. So, in particular, L/K has local degree d at the primes of K that D is ramified at and hence, L splits D. Thus, L has an embedding in D.
By condition (ii), the primes l 1 , · · · , l r split completely in L 0 . Since these primes split completely in K, it follows that they split completely in the compositum L = L 0 K. It suffices to show that each l i occurs as the degree of a quasi-isogeny. Hence, we fix a prime divisor l of n for the rest of this proof.
Furthermore, since there exist infinitely many primes v fulfilling the conditions in the last paragraph, we may choose v such that p 1 := char(v) is unramified in the spinor class field Σ K . By Arenas-Carmona's theorem, it follows that the ring of integers O L has an embedding in every maximal order of D. In particular, O L has an embedding in End(B). Now, if any element α ∈ L has norm Nm L/K (α) = l, then α corresponds to a quasi-isogeny ψ α : B −→ B with degree l. We first show that l is a local norm at all places of K in the extension L/K. Let v be any finite place of L and let w be the place of K lying under v. We will need to show that l lies in the image of the norm map Nm Lv/Kw : L v −→ K w of local fields. We treat the following three cases separately.
Case 1 char(v) = l.
Since the primes of K lying over l split completely in L, we have L v ∼ = K w and hence, l is trivially in the image of the norm map.
Case 2 char(v) = p 1 .
Since L/K is cyclic and totally ramified at the primes of K lying over p 1 , it follows that L v /K × w is cyclic of degree d. By construction, l is a d-th power in F × p 1 . Hence, by Hensel's lemma, there exists α ∈ K × w such that l = α d . Thus, l = α d = Nm Lv/Kw (α). Case 3 char(v) / ∈ {l, p 1 }.
Since L v /K w is unramified, the norm map is surjective on the group of units in K × w . Since l is a unit in K × w , there exists some u ∈ L × v such that Nm Lv/Kw (u) = l. Thus, l is locally a norm at all places of L/K and since L/K is cyclic, it follows from the Hasse norm theorem that l lies in Nm L/K (L × ). Let α ∈ L × be an element such that Nm L/K (α) = l. Then any quasi-isogeny corresponding to α has degree l.
(2). Now suppose, B fulfills the condition ( * * * ). We construct the number field L in the same manner as part (1). Now, L/K is cyclic of degree d which is assumed to be a prime power. Furthermore, the rational prime p 1 is inert in K/Q. So L/K is totally ramified at the prime p 1 O K and is unramified everywhere else. Since the class number of K is relatively prime to d, by Lemma 3.26, so is the class number of L. Let l be a prime of L lying over l and let h be the smallest integer such that l h is principal, with l h = αO L for some α ∈ O L . Now, h divides the class number of L and hence, is relatively prime to d. Hence, for any integer N ≥ dh − d − h, there exist non-negative integers a 1 , a 2 such that a 1 h + a 2 d = N . Thus, we have l N = Nm L/K (α a 1 l a 2 ) = Nrd(α a 1 l a 2 ), which completes the proof.
Remark From the proof, it is clear that we may construct infinitely many such endomorphisms of degree l N , no two of which commute. Any two such endomorphisms generate D as a Q-algebra.
Corollary 2.35. For any sufficiently large integer N , there exist cyclic endomorphisms ψ 1 , · · · , ψ d : B −→ B and an integer m < N such that:
-the ψ i are pairwise commutative.
-the endomorphisms l m ψ j are of degree l N .
Proof. As shown in the preceding theorem, there exist infinitely many cyclic endomorphisms φ : B −→ B of degree l N such that K(ψ)/K is a Galois extension. Let ψ be one such endomorphism and let ψ 1 , · · · , ψ d be the Galois conjugates of ψ. Since K(ψ)/K is Galois, the ψ j lie in the embedding of K(ψ) in D . Hence, they are pairwise commutative. Proof. (1) ⇐ (2): Suppose B 2 = σ(B 1 ) for some σ ∈ Gal(F q /F p ). Clearly, σ • I 0 yields an isomorphism Λ 1 ∼ = Λ 2 which, when tensored with K, yields a automorphism of the division algebra D. By the Skolem-Noether theorem, this is an inner automorphism by some element of D. Hence, Λ 1 , Λ 2 are conjugate maximal orders.
(2) ⇒ (1): Conversely, suppose Λ 2 = α −1 Λ 2 α for some α ∈ D × . Now, there exists a left ideal I of Λ 1 such that φ I (B 1 ) = B 2 and O r (I) = Λ 2 . Hence, O r (Iα) = α −1 O r (I)α, O l (Iα) = O l (I). Replacing B 2 by another abelian variety in its isomorphism class if necessary, we may assume I is an integral two sided ideal of Λ 1 . Furthermore, φ I is a composition 
where φ sep is purely inseparable and φ insep and φ sep is separable.
Since the abelian varieties B 3 , B 2 have endomorphism rings that are maximal orders, the isogeny φ sep linking them is an ideal isogeny, i.e. there exists a maximal left ideal J of End( B 3 ) such that φ sep = φ J up to isomorphism. Since φ J is separable, Nrd(J) is relatively prime to p.
Since φ insep is some power of the Frobenius, it suffices to show that the separable morphism φ sep is an isomorphism. Thus, we may assume φ I is separable, meaning Nm(I) is prime to p. Since D is split at every prime of K dividing I ∩ O K , it follows that I = I 0 Λ 1 for some ideal I 0 in O K . Hence, φ sep is an isomorphism and B 2 = φ insep (B 1 ).
In the case of supersingular elliptic curves, it is well-known that the endomorphism ring is a maximal order in the quaternion algebra Q p,∞ ramified only at p and the archimedean place of Q. In our setting of an abelian variety of type IV(1, d), we do not quite have the analogous result since the center Cent(End(B)) = End(B) ∩ Cent(D)
of End(B) might not be the maximal order O K . However, we show that the failure of End(B)∩K to be the maximal order in K is a good measure of the failure of End(B) to be a maximal order in D. Note that in general, the set of orders of D is rather complicated and this does not easily generalize to arbitrary abelian varieties over finite fields. Proof. 1. We have Cent(End(B)) ⊗ Z Q ∼ = D and since the centralizer Cent (End(B) ) is a finitely generated Z-module, it follows that it is an order in K.
By ([AG60]
, Proposition 1.2), it suffices to show that the localization of Λ at any prime v of K is a maximal order in D ⊗ K K v . Let l be a prime of K that does not divide p. By Tate's isogeny theorem, we have an isomorphism
which is a maximal order in Mat d (K l ).
Let v be a prime of K lying over p and let j d be the Hasse invariant of D at v, for some integer j prime to d. Since p splits completely in K, we have Proof. See ([Rei75], Chapter 5).
Proposition 2.46. Let B be an abelian variety of type IV(1, d) fulfilling the condition ( * * * ). Write D := End 0 (B) and let K be its center. Let l be a rational prime that splits completely in the Hilbert class field H(K). For any sufficiently large integer N , there exist endomorphisms ψ, τ ∈ End(B) and an integer m such that:
1. ψ is a cyclic isogeny of degree l N −dm . 2. The isogenies ψ j := τ −j ψτ j (j = 0, · · · , d − 1) are pairwise commutative and yield the decompositions
of the torsion subgroup schemes. 3. K(ψ, τ ) = D, i.e. ψ, τ generate D as a K-algebra..
Proof.
Since O L is a finitely generated O K -module, Proposition 1.1 of [AG60] implies that it is contained in some maximal order Λ of D. Let σ be a generator of the Galois group Gal(L/K). By the Skolem-Noether theorem, σ extends to an inner automorphism of D by an element α ∈ D × . Replacing α by an integer multiple if necessary, we may assume without loss of generality that α ∈ Λ × . Furthermore, τ d commutes with ψ and hence, τ d lies in L. On the other hand, τ j / ∈ L for j = 1, · · · , d − 1 and hence, the field K(τ ) is of degree d over K and is disjoint from L over K. Hence, the inclusion K(ψ, τ ) ֒→ D is an equality. 
The group of two-sided ideals
As observed a long time ago (see [Rei75] ), the theory of two-sided ideals in orders of division algebras is vastly different from that of the one-sided ideals. In fact, while the one-sided ideals do not have a multiplicative group structure, it is easily verified that two-sided ideals of Λ form an abelian group under multiplication. We say two-sided ideals I and J are equivalent if J = αI for some α ∈ Λ × . We denote the group of two sided ideals up to this equivalence by Idl(Λ). It is a well-known fact that is a finite abelian group.
Note that a pair I, J of two-sided ideals may be equivalent in the set of left ideal classes despite lying in different classes as two-sided ideals. However, the class group Idl(Λ) is not far from the class group of K, as shown in the next proposition. Proof. Note that for any prime ideal q of K, ΛqΛ ∩ K = q and hence, the map is surjective.
For the injectivity, let p be a prime ideal in K and P a two-sided prime ideal of Λ. Then the completion P p is a maximal ideal of Λ p . If p is one of the two primes dividing p, then Λ p is the maximal order in the a d 2 -dimensional division algebra over K p . In this case, Λ p has a unique two-sided maximal ideal P p with P d p = pΛ p . On the other hand, if p ∤ p, we have Λ p ∼ = Mat d (O Kp ). In this case, the only maximal two-sided ideal of Λ p is pΛ p .
We have a natural homomorphism Idl(O K ) −→ Idl(Λ), I → ΛIΛ.
To see that it is injective, suppose ΛIΛ = Λ for some ideal I of O K . Then I d = Nrd(I) = O K and hence, I = O K . The co-kernel is described by the last paragraph.
A few examples of Jacobians of type IV(1, d)
We know that any principally polarized abelian variety of dimension three occurs as the Jacobian of a smooth projective curve. Furthermore, this curve is either hyperelliptic or planar quartic. Unfortunately, for higher dimensions, we do not have a concrete characterization of such abelian varieties that arise as Jacobians of curves. In this subsection, we give a few examples of abelian varieties of type IV(1, d) that arise as Jacobians of curves.
Theorem 2.49. (Oort) For any prime p and integer g ≥ 3, there exists a hyperelliptic curve over F p whose Jacobian has p-rank zero.
In particular, for any prime p, Oort's theeorem guarantees the existence of an abelian variety over F p of type IV(1, 3) that is the Jacobian of a hyperelliptic curve.
Example 2.50. Let C be the hyperelliptic curve C : y 2 = 1 − x 7 over Q and let A := Jac(C) be its Jacobian. Then A is a principally polarized abelian variety of dimension three over Q with endomorphism algebra End(A) = Z(ζ 7 ). Furthermore, A has good reduction at all primes outside the set {2, 7} and since it has complex multiplication, it has potential good reduction everywhere.
Let p be a prime ≡ 2 (mod 7). Then p has inertia degree 3 in Q(ζ 7 ). By the theory of complex multiplication, the Newton polygon of the reduction A v is 3 × 1/3, 3 × 2/3. Hence, End 0 (A v ) is a central division algebra D of dimension 9 over the imaginary quadratic field Q( √ −7) such that Q(ζ 7 ) splits D. Furthermore, we have Z(ζ 7 ) ∼ = End(A) ֒→ End(A v ) and hence, End(A v ) is a maximal order in D.
Example 2.51. Let D be a division algebra of type IV(1, 3) with center Q( √ −1). Let B be a principally polarized abelian variety over a finite field F q with End 0 (B) = D. Then B is the Jacobian of some curve C over F q . Furthermore, since B has a polarization-equivariant automorphism of order 4, it follows from [Mil86] that the curve C is hyperelliptic.
Example 2.52. This construction using metacyclic Galois covers of the projective line draws from the results of [Ell01] and [CLS11] . Choose a rational prime q ≡ 7 (mod 12). Set d := q−1 6 and fix an integer k of order 3 modulo q. Consider the group G q,3 := a, b : a q = b 3 = 1, b −1 ab = a k .
Let Y be a Galois covering of the projective line P 1 by the group G q,3 over C with three branched points P 1 , P 2 , P 3 each of ramification index 3. Then the quotient curve X := Y / b is a smooth projective curve and by Theorem 1 of [CLS11] , its Jacobian Jac(X) is a simple abelian variety that admits complex multiplication by the unique index 3 subfield Q(ζ (3) q ) of Q(ζ q ). In particular, Jac(X) is simple of dimension q−1 6 . Since Jac(X) has complex multiplication, it follows from a theorem of Shimura that it has a model A over some number field F . Enlarging F if necessary, we may assume F = F conn A and in particular, Q(ζ 
Arithmetic computations on Jacobians
By [Sut18], the cost of addition/doubling of points on a genus three hyperelliptic curve with a Weiertrass point is I + 79M/2I + 82M where I denotes the number of inversions and M the number of multiplications of elements in the finite field of definition. This is the best optimization for point addition/doubling as far as we know. For planar quartic genus three Jacobians, the cost of addition is 163M + 2I while that of doubling is 185M + 2I ( [FOR04] ).
